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Abstract

We describe how to use Schoenberg’s theorem for a radial kernel combined with existing
bounds on the approximation error functions for Gaussian kernels to obtain a bound on the
approximation error function for the radial kernel. The result is applied to the exponential
kernel and Student’s kernel. To establish these results we develop a general theory regarding
mixtures of kernels. We analyze the reproducing kernel Hilbert space (RKHS) of the mixture in
terms of the RKHS’s of the mixture components and prove a type of Jensen inequality between
the approximation error function for the mixture and the approximation error functions of the
mixture components.

1 Introduction

Gaussian kernels have been popular in Learning Theory for some time. However it is only recently
that they have been shown to allow efficient learning. For example, Steinwart et. al. [32, 33, 30, 31]
show that one can achieve fast learning rates with the Gaussian kernels. See [29] for a more complete
history. Moreover, efficient learning algorithms have been developed for arbitrary kernels in e. g.
[17, 16, 20]. However, Gaussian kernels can suffer numerically in practice when the underlying
space is large or the kernel parameter ¢ is large since the function e~ t*lle=a'* may be evaluated by
the computer as having only values 0 and 1. Consequently, other radial kernels such as e~@l#=2’ll
or (1+m™ Yz — 2/||3)™® are often used. However, the above mentioned analysis of learning rates
has yet to be developed for these kernels. One reason for this is that we have no good bounds on
their approximation error properties. In this paper, we will in particular provide bounds on the
so-called approximation error functions, defined in the papers mentioned above, for a large class of
radial kernels which includes the above examples.

In practice it appears advantageous to have radial functions which are kernels independent of
the dimension d of the underlying space R?. Due to theorems of Bernstein [8, 35], Bochner [9],
Schoenberg [25], and Moore [22], this set of kernels, which we denote by K, 44, corresponds to the



set of finite Borel measures on R™ through an integral representation in terms of Gaussian kernels.
That is, denote Rt := [0, 00) and let ky(z,2') = e ' 17=7'I” t ¢ Rt denote the family of Gaussian
kernels. Then k € K,4q if and only if there is a finite Borel measure p on R* such that for all d > 1
we have

k(z,2') = /]R+ ke(z, 2 )du(t), 2" € R?. (1)

See Theorem 1.1 below for a precise statement. Henceforth we will use the term ”radial kernel” to
refer to elements of IC,.q4. Micchelli et. al. [21] have used the integral representation (1) to show that
all nonconstant radial kernels are universal for all compact subsets, in the sense that their RKHSs
are dense in the Banach space C(X) of continuous functions. However, to obtain learning rates
Steinwart et. al. [32, 33, 30, 31] utilized the important concept of the approximation error function
Ag(A) corresponding to the kernel k defined as follows: Let R be a continuous convex function on
the reproducing kernel Hilbert space Hj associated with the kernel k& and define the regularized
functions by Ryx(f) = )\HfH%{k + R(f), A = 0. Also let R}, := infrep, Rak(f) denote
their minimum values (i. e. greatest lower bounds). The approximation error function defined
by Ar(A\) := R}, — R{ measures how minimizing the regularized function R, approximately
minimizes the function R = Rox(f). Now suppose that we consider a radial kernel & and ask how
the representation (1) can be used to provide bounds for its approximation error function Ay(\)
in terms of bounds on the approximation error functions Ay, (A) for the Gaussian kernels and the
measure 4. Indeed, our main result Corollary 3.5 is that for a radial kernel k = [ k;du(t) we have

AW [ AWt Az0, 2)

Using existing bounds on the approximation error functions for Gaussian kernels, this result is then
used to obtain bounds on the approximation error functions for the two radial kernels mentioned
above.

Most of the results we present are relatively easy to obtain for finite sums of kernels. However,
obtaining them for radial kernels using the integral representation (1) requires that a large part of
the paper is concerned with the technical issues of measure and integration theory. To prove the
main result (2) we first consider how can we represent the reproducing kernel Hilbert space (RKHS)
Hj, of the kernel k = [ kydu(t) in terms of the Gaussian RKHSs Hy,,¢ > 0 and the representing
measure p. Recall that [3] shows that if & = k; + ko is the sum of two kernels on X that & is a
kernel and its corresponding RKHS Hj, has the representation Hy = {f1 + f2|f1 € Hi,, fo € Hi, }
with norm defined by

I =t (1Al + 12, )
J1€Hy,, fo€H},
In addition, it is easy to show that for & > 0 we have that H,, = Hj and that ||af||12qak = a||f||%{k

so that for all « € [0, 1] we have

2 _ : 2 2
1 oo = 0 (il + =)l o, )s S € oo
J1€Hy,, f2€Hy,

suggesting that integral versions of these representations may be available.
Now let k1 and k2 be two kernels and let R be a continuous convex function on Hy, + Hy, such
that inf Hy, R = inf Hy, R. Then we can show

Aok +(1—-a)ke (A) < @dp; (A) + (1 — ) Ag, (). (4)



That is, in a certain sense, the function k +— Ag()\) is a convex function.

Inequalities (3) and (4) suggest the existence of integral versions of these inequalities, which may
then be used to analyze radial kernels, As a consequence of a general theory developed in this paper,
Corollary 3.5 shows that we do indeed posses the desired integral inequalities for radial kernels.
Roughly stated, if % is a radial kernel and p is its representing measure so that k =k, := E;,k;
where ¢, denotes integration we obtain Hy, = {Et~pfi, fr € Hy, ¥Vt € T},

Iz, = _inf  Eullfel,,
TS

—Lt~pJt
ftGHkt VteT

and the approximation error function inequality (2).

Before we proceed, we follow [29] to fix terminology, set notation, and formally state the integral
representation theorem we use for radial kernels. Let X be a nonempty set. Then a bivariate
function £ : X x X — R will be called a kernel if there exists a Hilbert space H and a map
® : X — H such that, for all z,2' € X, we have k(z,2") = (®(x), ®(2’)). H is called a feature
space and ® is called a feature map for k. Moreover, a Hilbert space H of real-valued functions
on X is called the reproducing kernel Hilbert space (RKHS) corresponding to a bivariate function
k:XxX —Rifk(-,z) € H for all z € X, and we have the reproducing property f(z) = (f, k(-, z))
forall f € H and x € X. It is well known (see e.g. [29, Ch. 4]) that there exists a bijection between
kernels and RKHSs although a kernel has many feature spaces in general. We denote the RKHS
associated to the kernel k by Hj. Let us denote by E;.,, the process of integration with respect to
the measure p over a measurable space 1. Moreover, for kernels, ;. ,k; means that the integration
is defined pointwise by k,(z,2") := Eiopki(z,2'), 2,2 € X. A function g : RT — R is called
completely monotone if .

(—1)k%g(t) >0, t>0

limg(t) = g(0).

In the representation theorem below we consider the family G of Gaussian kernels

G 1= (), - (5)

/HQ

where for ¢ > 0 the Gaussian kernel k; is defined by k(x,2') = e~tlle=2'I* 4 o/ € R

Theorem 1.1 Consider a real function g : Rt — R and its corresponding radial function
ky(x,2") == g(lz —2'||), =z,2’ € R
Then the following assertions are equivalent:
i) kg is a kernel for all dimensions d > 1.

i) There exists a finite Borel measure i on RY such that kg = Ey,ky.

iii) g(\/*) is completely monotone.



2 RKHS of mixtures

Before we proceed to analyze the RKHS corresponding to a mixture of kernels in terms of its
mixture components, let us recall some basic facts about RKHSs. Suppose a kernel k has a feature
map ® : X — H to a Hilbert space H. Let F(X) denote the set of real-valued functions on X and
consider the mapping ®* : H — F(X) defined by

(@*g) () == (9,P(x))n, xz€X,g€H.

Where no confusion should arise, we write Hy, for the RKHS Hy(X) associated with the kernel k.
Then by [29, Thm. 4.21] we have that the RKHS Hj, corresponding to k can be described as

Hy ={®"g:g € H}, (6)

2 . 2
= inf , 7
115, geH:f:q)*gHgHH (7)

o

and that ®* : H — Hj, is a metric surjection, that is ®*B(H) = B(H}), where B(-) denotes the
open unit ball of its argument. Consequently, if ®* is injective it follows that it is an isometric
isomorphism. Furthermore, let Py : H — ker(®*): C H be the orthogonal projection onto the
orthogonal complement of the null space ker(®*) of ®*. Let us observe that the proof of [29,
Thm. 4.21] proves that the infimum in (7) is actually attained, that is

I1f1|7, = Igrg;} lgl% (8)
f=®*g
and that the minimum is attained at
g = Pag 9)

for any g that satisfies ®*g = f.

To analyze the RKHS corresponding to a mixture of kernels in terms of its mixture components,
we essentially follow the proof of [3, Sec. 6] for sums. However, due to the infinite nature of the
mixtures we need to utilize some measurability and integrability considerations in the context
of Lebesgue-Bochner spaces. To that end, consider a measurable space (T,Y) equipped with a
measure p. In this paper, we will only consider nontrivial measures. For a Banach space F, a
function § : T' — F is said to be E-measurable if it is the pointwise limit of a sequence of step
functions. Let H denote a Hilbert space and consider equivalence classes of H-measurable functions,
where functions are equivalent if they differ only on sets of y—measure zero. The Lebesgue-Bochner
space Lo(u,H) consists of those equivalence classes such that the square of the norm

171,y = Eemnllf(®)13

is finite. Lo(u,H) is known to be complete [10], the proof being essentially the same as for real
Lebesgue space La(u). Therefore it is a Hilbert space. We will also need the following notions.
For a Banach space F a function f : 7" — FE is said to be weakly E-measurable if ¢ — (b* f(t))
is measurable for all b* € E*. Clearly an F-measurable function is weakly E-measurable. On
the other hand, by Petti’s Theorem (see e.g. [13, Prop. 1.20, Pg. 9]), if f : T — E is weakly E-
measurable and has separable range then it is F-measurable. In addition, let F; and F5 be Banach
spaces and denote by L(E1, E2) the Banach space of bounded linear operators from E; to Ey. Then
we say that a function f : T — L(E1, Es) is simply Fs-measurable if ¢ — f(¢)b is Eo-measurable
for all b € Ej.



In this paper we will be concerned with a family (k¢)ier of kernels and their mixtures k,, :=
E¢~ k¢ corresponding to finite measures p1. We use the notation H; := Hy, and H,, := H Ky, Since we
never consider the trivial measure p = 0 no confusion should arise as to the meaning of Hy := Hy,.
Roughly stated, our main result of this section, Theorem 2.2, states that if, corresponding to the
family of kernels, we have a family (®;)icr of feature maps ®; : X — H to a common feature space
‘H such that the induced map ® : T'x X — H defined by ®(t,x) := @4(x) has some regularity,
then the square norm of H, is related to a u mixture of the square of the H; norms of the function’s
mixture components. Namely we have an integral version of (3) mentioned in the introduction.
However, before we prove this theorem we establish a preparatory lemma of independent interest.
Recall that a Suslin space is a continuous image of a Polish space.

Lemma 2.1 LetT be a measurable space, X be a Suslin space equipped with its Borel o-algebra, and
H a separable Hilbert space. Consider a family (®y)ier of maps ®, : X — H and the corresponding
family (Pg,)ier of orthogonal projections Py, : H — H onto the orthogonal complement of the
null space ker(®;). Suppose that the map ® : T'x X — H defined by ®(t,x) := Dy(z) is weakly
‘H-measurable. Then the map t — Pg, is simply H-measurable.

We can now state our main theorem that describes the RKHS of mixtures.

Theorem 2.2 Let (T, %, u) be a measure space and consider a family (k¢)ier of reproducing kernels
on X equipped with a family (®¢)er of feature maps ®, : X — H to a common feature space H.
For each x € X consider the map V, : T — H defined by V,(t) := ®(x). Suppose that for each
x € X we have ¥, € Lo(u, H). Then the function t — ki(x,x’) is integrable for all x,2’ € X and
the map ¥ : X +— Lo(u, H) defined by x — ¥, is a feature map for k, = Eivu ki, In addition, we
have

Hy, ={¥"f:f€ La(p, H)}. (10)
and
£ 17, = o pin, IFI1Z, o7 - (11)
f=vrf
where
(W) (@) = Ba ((@F(1)) (@) ) = Bonp (1), i(2)) (12)

Moreover, let X be a Suslin space equipped with its Borel o-algebra, H be a separable Hilbert space,
and suppose the map ® : T x X — H defined by ®(t,z) := Oy () is weakly H-measurable. Then, in
addition to (11), we have

2 . 2
= min E;o t), Dy .
191, = _min Eeoul5(0), @)l

f=vrf
Note that, by definition, the last assertion of Theorem 2.2 can be stated as

2 . * 2
= E¢pn || PF5(E .
71, = _min, Ev, | 75(2) ],

H,

I=v7f

3 The approximation error function inequality

In this section we will establish the integral approximation error function inequality (2). Although
the following analysis is easier when the risk function is the expectation of a loss function, some



important risk functions are not of this type. For example, the two-class Neyman-Pearson classifi-
cation problem (see e.g. [11, 26, 27]) is to minimize one type of error while constraining the other
type of error. To handle this more general case, consider a risk function defined on a space which
contains all Hy,t € T'. Our first order of business is then to consider when H), also lies in this space.
For simplicity, we consider the case when H; C Lo(v),t € T, where v is a measure on X. To be
precise about the meaning of this, for f : X — R, let [f]. denote the equivalence class of functions
which equal f v-a.e. For t € T we say that H; C Ly(v) if for all f € H; we have [f]. € La(v).

Lemma 3.1 In additionAto the assumptions of Therrem 2.2, let X be a measuAmble space. Let v be
a measure on X and let k: T x X — R defined by k(t,z) = ki(z,x) satisfy k(t,-) € L1(v),t € T,
and k € Li(p @ v). Then we have inclusions I : H, — Lo(v) satisfying

IZell < 112, ) teT

%
”Ll(V)’

and I, : H,, — Lo(v) satisfying

~ 1
Ml < 1R,

Note that the inclusions above may not be injective. Indeed, [29, Thm. 4.26] shows that, for t € T,
the inclusion I; is injective if and only if the image of the integral operator associated with the
kernel is dense in the RKHS. For more about this topic see the discussion after [29, Thm. 4.26].

Therefore, if Lemma 3.1 applies and we have a risk function R : Lo(r) — R we can define risk
functions on Hy,t € T and H,, through the injections. Moreover, for all A > 0 define the regularized
risk functions Ry : Hy — R,t € T'and Ry, : H, — R by

Rai(f) = )\||f||%{t+73(ltf)a f € Hy,

RA,,u(f) = )‘HfH%{M"‘R(IMf)’ fe H,.

Finally, consider their minimum values R} ; := infrep, Ra¢(f) and RY , := infrepm, R u(f).
Before we state our main result concerning a relationship between the minimum regularized

risk associated with H,, and that of H;,t € T, we establish a result that will be useful in its proof.

Let f € H, and consider the case when Lemma 3.1 applies. Since I, : H, — Lo(v) we have

I,f € La(v). On the other hand, by Theorem 2.2 we have f(z) = IEtNM((q)ﬁ(t))(:v)) for some
f € Lo(p, H). Since ®f(t) € Hy and I : Hy — Lo(v) for all ¢t € T, we can consider whether the
Lo(v)-valued Bochner integral E;.,, [;®;f(t) exists and if it exists, whether I, f = E;, [; f(t). The
following theorem gives sufficient conditions for this to be the case.

Theorem 3.2 In addition to the assumptions of Theorem 2.2 and Lemma 3.1, let v be a o-finite
measure on X and p be o-finite measure on T. Suppose that the map ® : T x X — H defined by
®(t,z) = Du(x) is weakly H-measurable and that the map T — L(H, La(v)) defined by t — ;P is
simply Lo(v)-measurable. Then the function t — [, ®}§(t) is Bochner integrable for all f € Lo(p, H)
and so defines an integral operator T : Lo(u, H) — La(v) by

Tf = Eoo i ®I(1).

This integral operator satisfies
I=1,V"

.1
with | ZI| < K117, (o -



Remark 3.3 Theorem 3.2 is also true when Ls(v) is replaced by the space Cy(X) of bounded
continuous functions or Ly,(v),p > 1 since the extension is trivial for Cy(X) and the Dunford-
Schwartz Theorem [14, Thm. 17, Pg. 198] concerning scalar representations for Bochner integrals is
all that is needed for the extension to L,(v),p > 1. Moreover, we suspect that the Dunford-Schwartz
Theorem also applies to Kéthe spaces [19, Pg. 11.28].

We can now establish our main result concerning a relationship between the minimum regu-
larized risk associated with H, and that of H;,t € T. To simplify we state the result only for
probability measures.

Theorem 3.4 In addition to the assumptions of Theorems 2.2 and 3.2, let p be a probability
measure and suppose that R : Lao(v) — R is a continuous convex function. Then we have

Ry, <EwuRiys A0 (13)

Now let us apply Theorem 3.4 to the approximation error functions. We define the approxima-
tion error functions to be A(A) := R}, —Rj,,t = 0 and A,(A) :==R} , — Rj , and the Bayes risk
to be R* :=inffcr, () R(f). We have the following corollary.

Corollary 3.5 In addition to the assumptions of Theorem 3.4, suppose that
p({teT:Rs, #R*}) =0.

Then we have Ry, = R* and
Au(N) S EpcpAi(N), A >0.

4 Radial kernels

We now show that all the previous results apply to the radial kernels K,..4 and then apply Corollary
3.5 to bound the approximation error function corresponding to the hinge-loss risk for the two ker-
nels mentioned in the introduction. To that end, we introduce some notations and representations.
Suppose that Y C R is measurable and P a probability measure on X x Y. Then, according to [29,
Def. 2.16], a function L : X x Y x R — R is said to be a convex continuous P-integrable Nemitski
loss of order p € [1,2] if it is convex and continuous in its last variable for all z € X,y € Y, and
there exits a P-integrable function b and a constant ¢ > 0 such that for all z € X,y € Yt € R we
have L(z,y,t) < b(z,y) + c[t|P. Also, let T = RT and define H := Ly(R%). Consider the family
(®¢)1cr+ of maps @, : R? — H defined as follows. For ¢t = 0 select z € H such that ||z||y = 1 and
define
do(z) = 2z, zeR?.

For t > 0, define
d d
By(z) = D22l 5 eRe
T4
Then [29, Lem. 4.45] implies that the family (®;);cp+ of maps ®; : X — H obtained by restricting
to an arbitrary subset X C R? are feature maps for the Gaussian kernels k; € G,t € RT, defined
on X.

Theorem 4.1 Consider the family (P;);cr+ defined above.

i) Let X C R? be a Borel subset. Then Lemma 2.1 applies.



ii) Consider a radial kernel k € KCrqq and a finite Borel representing measure j such that k = k.
Moreover, consider the family (ki);cr+ of Gaussian kernels equipped with the above defined
family (®1);cr+ of feature maps. Then Theorem 2.2 applies.

i11) Suppose further that v is a finite Borel measure on X . Then Lemma 3.1 and Theorem 3.2
apply and assert that

1L < Vv(X), teT,
Hull < VrRF)V(X) < o0,
171 < Va®H)p(X) < oo

iv) Suppose further that k(z,x) = 1,2 € X, and R : La(v) — R is a continuous convex function.
Then Theorem 3.4 applies.

v) In addition to the assumptions of i),ii), and iii), suppose that' Y C R is measurable and P
a probability measure on X x Y. Moreover, let L : X x Y x R — RT be convex continuous
P-integrable Nemitski loss of order p € [1,2], and consider the corresponding risk function
R(f) = Euy~pL(z,y, f(x)). Finally, suppose that limg. .« k(z,2') = 0, 2" € X. Then,
R : Ly(Px) — RT and Corollary 3.5 applies.

We now use Corollary 3.5 via Theorem 4.1 to bound the approximation error function for the
hinge risk and the RKHSs corresponding to the two kernels mentioned in the introduction. Let P
be a probability measure on X x {—1,1} and consider the hinge loss L : R x {—1,1} — R™ defined
by L(s,y) := max{0,1—ys} and the hinge risk R(f) := E,4)~pL(f(z),y). Then, as defined in
[29, Def. 8.15], we say that P has margin-noise exponent ( € [0, c0) if

[ ) - tdps@ <o, t20
Az)<t

for some version 7 : X — [0, 1] of the conditional probability n(z) = P(y = 1|z), where A(x) is

the distance to the decision boundary defined by {z : n(z) = %} The noise exponent quantifies

the concentration of mass around the decision boundary and is used to bound the approximation
error function for the hinge risk and Gaussian kernels in [29, Thm. 8.18]. The following result can
easily be extended to arbitrary measurable subsets X € R? with the assumption of a tail exponent
for Py, thus extending [29, Thm. 8.18] to the two kernels mentioned in the introduction.

Corollary 4.2 Let X C R? be the closed unit ball and let P be a probability measure on X x {—1,1}
with margin-noise exponent 3 € (0,00). Let R denote the hinge risk function. Moreover, for a > 0,
consider the exponential kernel

k(z,a') = e ele=2ll p 0 e X
and its RKHS Hy. Then, for d > 2, we have
AN < Cap(Mia+a™), A>0
where Cq g s a constant depending only on d and 3.
Corollary 4.3 With the assumptions of Corollary 4.2, instead consider the kernel

k(z,2') = (l—l—m_lﬂx—xlﬂg)_a, z, ' € X



and its RKHS Hy, form > 0,a >0 and d > 1. Then for 2a — 3 > 1 we have

aT($+a)  sT(a=%)
AL(N) < Cap(A 2 ), A
(A) < Capg(Am™ 2 T(a) +m?2 (o) >0
and for 2a. — 3 < 1 we have
aT (¢ +a) o8 14a
Ar(\) < e E—A B+2 A
kA < Cd’ﬂ<)\m ’ I'(«) tm aF(a))’ >0
where T'(z) = flR+ t*~le7t 2 > 0 is the Gamma function and Cap 15 a constant depending only

on d and [3.

d
Remark 4.4 The inequalities of Corollary 4.3 can be simplified using the inequality F(FQ(I)Q ) < a%,

found in [23] and the references therein. Moreover, the inequalities of Corollaries 4.2 and 4.3 can
easily be sharpened using simple modifications of the proofs. However, our preliminary analysis
lead to more complex results than those presented. The development of sharper, yet simple, bounds
on the approximation error function is out of the scope of this paper.

4.1 Additional results for radial kernels

We now utilize the fact (see e.g. [29, Prop. 4.46]) that the family G of Gaussian kernels is nested
in the sense that Hy, C Hy,, 0 < t; < to. We first prove that H,(R?) does not contain constants if
1({0}) = 0. Let 1 denote the constant function with value 1.

Theorem 4.5 If u({0}) =0, then we have 1 ¢ H,(R?).

Note that if we choose y := d;, the Dirac measure situated at ¢ > 0, we obtain 1 ¢ H;(R?) which
is a special case of the "no constants” theorem for Gaussian RKHSs [29, Cor. 4.44].

Each fixed o« > 0 determines an operator a* : M — M on measures defined by (a*u)(A) =
p(aA). Therefore any p determines a one parameter family of radial kernels (kq+y)a>0. From [29,
Prop. 4.46] we know that, for all 0 < ay < ag, t > 0, we have H,,; C H,,; and that

d

. Qg 2
Jid s Hoyp = Hogell < (52)°. (14)
aq
The following result shows we have the same results for (Hu=;)a>0-

Lemma 4.6 Consider a finite Borel measure v and the family of kernels (koxp)a>0 on X. Then
for all 0 < ay < ag we have Ha’{u C HO(;M and

d
. a2\ 2
lid : Hazp — Hagpll < <071> .
The following two theorems demonstrate sufficient conditions to have H, C H; or Hy C H, for
some t.

Theorem 4.7 Let X C RY and consider a finite Borel measure p such that p({0}) = 0 and
Etwut*d < 0. Furthermore, assume that, for some t* > 0, we have u([t*, oo)) = 0. Then we have

H, C Hy+ and
< ()2 /Byt .

lid : H, — Hy~




Theorem 4.8 Let X C R% and consider a finite Borel measure p satisfying u(0,00) > 0. Then
there exists a ty > 0 such that p([t1,00)) > 0 and for any such t; we have Hy, C H,. Moreover, for
any such ty there exists a to such that u([t1,t2]) > 0 and for any such ty we have

d

t 2 1 t2 % 1
id: H H <1/ trdu(t))® < (=2 t,t2]) 2.
lids Hy = Bl < et (] #dn®)” < (32) il )

The following corollary in particular generalizes the universality result of [21] to noncompact X.

Corollary 4.9 Let X € R? and consider a non-constant radial kernel k. Then the following hold:
i) Hi(R?) is dense in Ly(v) for all p € [1,00) and all finite measures v on RZ.
i) If X C RY is compact, then k is universal.
iii) If p([t,00)) > 0 for all t > 0, we have UysoHy C Hy,.

i) k is strictly positive definite.

5 Proofs

Proof of Theorem 1.1: Recall that a symmetric bivariate function k : R? x R? — R is called
positive definite (k > 0) if for all n, and x; € R?, a; € R,i = 1,..,n we have

n

Z aiajk(x,-,xj) Z 0. (15)

ij=1

Observe that Moore’s result [22] (see e.g. [3]) asserts that k, is a reproducing kernel, if and
only if it is positive definite. Moreover, Schoenberg’s result [25, Thm. 2|, which heavily uses the
representation of translation invariant functions of Bochner [9], states that k, is positive definite
for all d if and only if there exists a finite Borel measure ;1 on R* such that g(s) = Etwue_tz‘*Q.
Substituting s := |l@ — 2’| yields the equivalence between i) and ii). The equivalence between ii)
and iii) is the result of Berstein [8, 35] (see also Schoenberg [25, Thm. 3]). For a thorough discussion

of this topic see [7]. [ |

Proof of Lemma 2.1: We need to show that for f € H the function ¢t — Pg, f is H-measurable.
To that end, fix an f € H, and consider the function h : T x X x ‘H — R defined by h(t,z,g) :=
((g — ‘IDt(:L')>)2. Since the map (t,z) — ®(x) is weakly H-measurable it follows, for fixed g,
that h is measurable in (¢,x). Moreover, h is obviously continuous in g for (z,t) fixed. Since
H is separable and complete it is Polish. Therefore, it follows from Carathéodory’s Lemma [12,
Lem. II1.39] (see also [29, Lem. A.3.17]) that h is measurable. Since X is Suslin it follows from
[12, Lem. I11.39] that h : T x H — R defined by h(t,g) = sup,ex h(t, x, g) is measurable. Now
observe that since ker(®}) = {w € H: ®fw =0} = {w € H : (w, P(z)) = 0,2 € X} the set-valued
function F : RT — 2" defined by
F(t) = f + ker(®).

satisfies F(t) = {g : h(t,g) = 0}. Since the function w : T x H — R defined by

w(t,g) = llgll3,

10



is measurable and equations (8) and (9) assert that the infimum inf ¢ py w(t, 9) = infgorg—arf [|9l17
is attained at ¢g(t) := Ps,f, Aumann’s selection principle [29, Lem. A.3.18] implies that : ¢ — Py, f
is measurable. Since H is separable the assertion follows from [13, Cor. 1.9, Pg. 6].

Proof of Theorem 2.2: First observe that the assumption ¥,, W, € Lo(u, H) implies that the
function

t— 4<\Ijac(t)v \I]x’(t»?‘( = H\le(t) + \Ijx’(t)HQ - H\Ijx(t) - \I’z/(t)HQ

is integrable for all z, 2’ € X. Consequently, we obtain

(U, \I’x’>L2(u,H) = Etp(Vu(t), Yor (1)1 = Etpu (Pt (), Dy(2))n = Eivpke(z, a')

and so conclude that the function t — ki(z,2) is p integrable for all 2,2’ € X, and VU is a feature
map for k,, := E; k. Therefore, we obtain (10) and (11) from (6) and (7) respectively. Since

() (@) = (F. Ve gy = Ba (F(0), D)) = Bar£(0), 21(2)) 3 = B (251(0) (),
we then obtain (12).
For the last assertion, let us first show that for f € Lo(u,H) the function f : T — H defined
by §(t) := Po,f(t) satisfies [[f(¢)||2, = H<I>;"f(t)]|%[t, f(t) € La(pu, H), and U*f = U*f. That is, for
f € La(p, H), defining §(t) := Ps,f(t),t € T, we have

53 = 1957 ()1 F,, t € T (16)
and, for f € H,, we have

{% LT o ]R{’Hf € Lo(u, H) : f = W*f and (t) = Pa,j(t),t € T} c {f € Lolu H) : f = \y*f}. (17)

To that end, first observe that (8) and (9) imply that Hf(t)H% = || @} (t)||%{t Moreover, Lemma 2.1
and [13, Prop. 1.13, Pg. 7] imply that f is H-measurable for f € La(u, H). Since ||F(t)|3, < [If(t)[3,,
we conclude that f(t) € Lo(u, H). Now fix t € T. Since Py, is an orthogonal projection it follows
that f(t) — f(t) = f(t) — Po,f(t) € ker(®}). Consequently, we obtain ®;f(t) = @} Py, f(t) = ®;f(¢)
and therefore ) )
(U7F) () = Eenps (D7F(1)) () = Bt (27F()) () = (¥7F) ().
That is, U*f = \Il*f, establishing the claim.
To prove the last assertion, consider f € H,,. It follows from the first assertion, (16), and (17), that

2 : 2 : 2

= inf = inf [E;o t

Hf”H# e La(uH) Hf”LQ(H,H) feLaluH) el [F(E) 17
f=U*y f=U*f

< inf  ByIF(6)[3

f(t)=Ps, §(t).teT
fe€La(p,H)
f=vrg
= inf  Eu||®5ft)||%,-
_nt B @S0,
f=vrf
To obtain an equality observe that for fixed f € Lo(u, H) we have || ®;f(¢)||m, < [|f(¢)]|x so we
conclude that IEtNMHq);‘f(t)HiIt < Eenllf@®)3, = HfH%z(# 7+ Equality then follows from the first line
of the above displayed inequality, establishing the last assertion with an infimum. To obtain the
expression with a minimum, observe that (8) and (9) imply that the infimum is attained in the
first line. Let f be a minimizer. Then the above discussion shows that f is also a minimizer. |
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Proof of Lemma 3.1: The first assertion follows from the proof of [29, Thm. 4.26]. Since The-
orem 2.2 implies that k,(z,z) = Eiouki(x,x), and ki(z,z) > 0,t € T,z € X, it follows from
Tonelli’s theorem that E,,k, (7, 2) = Exn Bkt (2, 7) = B p)opsnki(r, 7). Therefore we obtain
||12:#HL1(,,) = ||l§:||L1(M®V) so that the second assertion also follows from the proof of [29, Thm. 4.26].
|

Proof of Theorem 3.2: Recall that the assumption that ¢ — [, ®} is simply measurable means

that the function ¢t +— [, ®}g is La(v)-measurable for all g € H. Consequently, [13, Prop. 1.13, Pg. 7]

implies that the function t — L, ®;f(t) is Ly(v)-measurable for all f € La(u, H). Since for all t > 0
1

we have [ L0 Ly < M II@FF0) i, < NENIFO) I3 < IR Z, o) I150) ¢, we conclude that

A 1 ~ 1
Evpl OO 2 < B (1)1, 0 15052) < IRIZ, (11l a0

and conclude that ¢ — I;®;f(t) is integrable and so the integral operator Z is well defined. Moreover,
since

L1
IZFll < o[ @51 < MR E, gy 1Tl 22 ,20) 5
L1

we conclude that Z : La(u, H) — L2(v) is continuous and [|Z]| < HkHzl(;@u)'
To prove that Z = I,U*, first observe that by the assumption that 7' x X — ®(x) is weakly
H-measurable, it follows from [13, Prop. 1.13, Pg. 7] that the function 7' x X — (f(t), ®:(z)) =
(@7f(t)) (x) is measurable. Now let § € Ly(u, H) and consider Zf = E;, [;®;f(t). Then the Dunford-
Schwartz Theorem [14, Thm. 17, Pg. 198] states that there exists a measurable function g : T'x X —
R, uniquely determined except for a set of p ® v-measure zero, such that [¢g(t,-)]~ = L;P;f(t) for
p-almost all t € T. Moreover, g(-,x) is p-integrable for v-almost all x € X and [Etwug(t, )]N = Tf.
Consequently, since the function (¢, ) — (®;f(¢))(x) is measurable we conclude, by the uniqueness,
that [Epe, ((©1(1))(2))]_ = Erep1®5f(t) = If. Since (U*f)(z) = Etw<(¢>§‘f(t))(x)> we conclude
that [\II*ﬂN = TZj. That is, Zf = I,V*f. Since f € La(u,H) was arbitrary we conclude that
T =1,0* m

Proof of Theorem 3.4: First consider A > 0. Suppose that f € H,. Then by Theorem 3.2, for
all f € Lo(p, H) with f = W*f, we have I,f = I,¥*f = Zf. In addition, Jensen’s inequality for
Bochner integrals, Theorem 6.3 (see [34, Sec. 4] for a more general result), implies that the integral
of t — R([;Pff(t)) exists and

R(ZF) = R(Ere Lh®}f(1)) < By R(LPTH(2)).

Consequently, we have

Rl = ALy, + RATuS) < Xy [{O3 + RTT) < B (A0, + RILBE(1)))

and conclude that

* < : 2 * .
Rl < il B (NI + RUSED) (18)

Now consider the function ¢ : T' x H — R defined by

o(t, 9) = Agl3 + R(1: D g).

Since the function ¢ +— [;®}g is Lo(v)-measurable for all g it follows from [13, Thm. 1.8, Pg. 5] that
it is Borel measurable for all g. Since R is continuous, it follows that ¢(-, g) is measurable for all

12



g € H. On the other hand since || ;27| r,) < |1l ®Fgllm, < [[1i]lllg]l# it follows for fixed ¢ that
the map g — I;®}g is continuous. Since R is continuous, it then follows that ¢(t, -) is continuous for
all t € T. Since H is separable and complete it is Polish. Therefore, it follows from Carathéodory’s
Lemma [12, Lem. II1.39] that ¢ : T'x H — R is measurable. Now, by the strict convexity of the
Hilbert space norm, it is easy to see that for ¢ € T' there is a unique solution

f) = in (¢, g) = '<A2R1q>*).
a(t) argrgrgtlcﬁ( 9) arg min gl + R(I:®7; g)

Moreover, since for fixed g € H we have

min /12 _ @* 2 ,

min 19'1% = 127 gll%,

o g'=2;g
we have
min (Mgll% + R(1279)) = A7l + R(P7g) = Ra(@ig)
Prg'=P;g

and conclude that

(O, + R a(t)) = min (Mgl + R(LD1g)) = min R (@9) = min Rao(3) = R
geH gEH

geH:

Consequently, Aumann’s selection principle [29, [Lem. IT1.39] implies that the function g : ¢ — g(¢)
is measurable and the function ¢ — infgep (A|g[|3, + R(Lﬁb}*g)) = R}, is measurable. Moreover,

since Ry, < R(0),t € T and p is finite, it follows the integral E;., R}, exists. Therefore we
conclude that

: 2 * < 2 * _ * )
it B (MO + RUTD)) < B (M) + RULTa(1)) = By,

The assertion for A > 0 then follows from (18).

For the case A = 0, it follows from [29, Lem. A.6.4] that R} , and R}, are increasing and continuous
functions of A for each ¢. Since Rj?t < R(0),t € T, A > 0, the extended monotone convergence
theorem [4, Thm. 1.6.7] and the assertion for A > 0 imply that

* *
Ro,u < EtNMRO,t'

|
Proof of Corollary 3.5: Theorem 3.4, H,, C Ly(v), and the assumptions imply that
R*<Rp, <EipRop =R"
establishing the first assertion. Consequently Theorem 3.4 implies
Au(N) = RS, = Ri < BBy, = R* = By (R, = RY) = Erepi A ().
|

13



Proof of Theorem 4.1: Consider t1,to > 0, x € X, and use the integral identity Eeo M3 =
d
(ro)2, o > 0, to obtain that

d d

ds242

(@1, (2), By (2))p = A2 / 2Dyl g,
T2 y€ER4

da d

2d 212

_ il 203+ 3)Ivl13 gy,
T2 yeRd

B ( 2t1to )‘3
t 413

Therefore we conclude that

191, () = P () 1F = ey (@) + | Pes ()17, — 2(@ey (2), ey (2)) 1
2t1ty \ 4
— 9_ 2( : 1 22>2
t7 + 15
t1—taf*\ %
- 221y
t7 + 15
That is,
[t1 —t2]2\ 8
By, (1) — Dy (2)||3 = 2—2(1—7> . 19
H t1( ) t2( )HH \/ t%—l—t% ( )
In addition, by invariance of integration under the translation y — y + “’“er“ we can show that
dyd
(Pu(z1), Pe(22)) = 2 i / 6_2t2”xl_y“%e_2t2”x2_y”%dy
T2 JyeRd
dyd R o
_ 2 t / 22 (IP572 =931 2257 —0i) 4,
w2 JyeRd
dsd zq1—x9]13
-2 / 42 (2 413) g
w2 JyeRd
dyd
] i / 12118 g
T2 JyeRd
— o tPllri—=2l
Consequently, we obtain
1@e(21) — Bp(2)llrg = V2 — 26~ llm =2 (20)

Therefore, using the identity @y, (x1) — Py, (x2) = Py, (1) — Pry (21) + Py, (21) — Py, (22) We conclude
that the map ® : RT x X — H defined by ®(¢,z) := ®;(x) is continuous and therefore measurable
on {t > 0} x X. Since ® has the constant value z on {t = 0} x X it easily follows that & is
measurable on R* x X. Since H = Ly(RY) is separable (see e.g. [2, Thm. 2.15]), it follows from [13,
Thm. 1.8, Pg. 5] that that ® is H-measurable, and therefore it is weakly H-measurable. Moreover,
since X is a Borel set, it follows from [18, Thm. 1.7.9] that X is Suslin. Therefore, since H is
separable, Lemma 2.1 applies. For the second assertion, observe that (19) implies that for x € X
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the function ¥, : Rt — H defined by ¥, (t) = ®¢(x) is continuous and therefore measurable on
(0,00). Consequently, ¥, is measurable on RT. Since H is separable it follows from [13, Thm. 1.8,
Pg. 5] that ¥, is H-measurable. Moreover, since p is finite and ||V, (¢)||x = 1,z € X,t > 0 it
follows that W, € La(u, H),z € X. Therefore, Theorem 2.2 applies.

For the third assertion, observe that since ki(z,z) = 1,¢t € R*, 2 € X, and the measure v on X

~

is finite, it follows that Lemma 3.1 applies with k(¢,-) = 1, € R*, and so we also obtain the
assertions on the bounds on the inclusions. To show that Theorem 3.2 applies we need to show
that the map R — L(H, Ly(v)) defined by ¢t +— I,;®} is simply Lo(v)-measurable. To that end,
let g € H and consider the function RT — H defined by t — I;®}g. For fixed t > 0, observe that

d d
S9% o212

Py(0) = 22272 112, and hence
s

d _d
t2922

(@)(@) = 9. B = - [ g(y)dy = (21(0) <) o).

d
T4
where * is the convolution operator. Therefore, we can write ®fg = ®;(0) * g. Since Young’s
inequality [15, Thm. 20.18] and (19) show that

* * ‘tl B t2’2 5
19,0~ ] = 120 (0) ~ B0, (0)) # 1l < 191, (0)~ 20, )l gl < \/2 e SN
1 2

we conclude that

\ |t =t %
10,9 = 1,00 10 < [|97,9 — @] VV(X) < \/ 2-2(1- 520 glhey/v(X).

2 42
t7+ 15

Consequently, t — I,;®; g is continuous and therefore measurable on (0, 00). Moreover the continuity
also implies its range is separable. It follows that t — [;®}¢g is measurable on [0,00), and has a
separable range. Consequently, by [13, Thm. 1.8, Pg. 5], it is La(r)-measurable. Since g € H was
arbitrary, it follows that t — [;®} is simply Ls(v)-measurable. Since we have shown in the proof
of the first assertion that ® is weakly H-measurable, it follows that Theorem 3.2 applies.

For the fourth assertion, observe that the assumption 1 = k(x, z) = [ ki(z, 2)du(t) = p(RT) implies
that p is a probability measure. Therefore, since R : Lo(v) — R is a continuous convex function,
Theorem 3.4 applies.

For the last assertion, observe that it follows from [29, Lem. 2.17] that R : La(Px) — [0, 00) is well
defined, continuous and convex and therefore Theorem 3.4 applies. Moreover, by [29, Thm. 4.63],
the Gaussian RKHSs are known to be dense in Ly(Px). Consequently, since X C R? is measurable
we have by [29, Thm. 5.31] and the discussion below it that R, = R* for all ¢ > 0. From the
assumption 0 = limg, oo k(z,2'), 2/ € X it follows from the Lebesgue dominated converge theorem
that 0 = limg oo k(z, 2') = By plimy oo ke (2, 2") = p({0}). Therefore Corollary 3.5 applies. |

Proof of Corollary 4.2: From [1, Eq. 29.3.82] we have that e~®V* is given by

_ _ « _a?
e Vs = e e wwdu, scRT.
R+ 2V us

Changing variables by u = 2 we obtain

_ « g2 g _a2
eo“/g:/ e St 20w dt
ﬁR+
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o2
so that if we consider the Borel probability measure p := %t‘zefmdt we have p({0}) = 0 and

k = k,. Since the hinge loss function is a P-integrable Nemitski loss of order p = 1 we can apply
Corollary 3.5 to obtain
Ar(A) < Eiop Ar(N).

Now [29, Thm. 8.18] implies that A;(\) < Cys(At? +t~7) where Cy s is a constant depending only
on (d,3). However, we also have Ai(\) < 1,\ > 0. Let

I'(z,x) ::/ t*~Le~tdt

denote the incomplete gamma function, which is well defined for all z € R, x > 0. We split up the

domain of integration into RT = [0, 2?}5) U [2%/5, o0). Then, for k € R, by the change of variables

2
0= {7, we have

a” 14k a”

« o2 1—k
tdu(t) = —= e dt = — o2 e ds = I‘<7, b) .
/[07235) ™ Jio.52) 20T J(boc) 2nym A2

Since I'(3) = /7, we also have

/[a dn(t) = j}/{

2\/5’00) 2vb’

. 2y — \}%(I— F(%b)) .

Therefore, using each inequality A;(\) < Cy (Mt +¢77) and Ai(\) < 1 on different components
of the split Rt = [0, 507 U [35%, 00), we obtain

Ar(N)

IN

EipAr(N)

Cd’ﬁ/
0.5%)

- v (50 ar () + (- 3)

Now consider that

IN

M+t du(t du(t
(At + )u<>+/(2afm) ()

r(5) <r(557)

1 1 10 | 1 [ 2 1
L) = [t [ a2
ﬁ(ﬁ 2b ﬁoe O'QdO'_ﬁOO'QdO'_ 7Tb2
and 14 - - 5
F<;,b> :/ e_”o*_%da §/ O'_%d()' = 71)% < Qb%.
2 ) ) d—1
Therefore, we obtain
ad 1-d a P 1+ 7 2 1
AN < Cap| A b5 r(—5=) ) +—=bs .
k(A) < d,ﬂ( T/ 2+2—f’\/7? 5 +\/7?2
Setting b := %)\%oﬂ, which amounts to the split RT+ = [0, )\*%) U [Afé,oo), we see that
)\%b% — 2b3 and therefore obtain the assertion by adjusting the value of Cy g. [ ]
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Proof of Corollary 4.3: Consider the function g(s) = (14:2)~“ so that k(z,2") = g(||lz—a’|)3).
Then [1, Eq. 29.3.11] shows that g is given by

«

—«
9(s) = (1 + i) = m/ e Sy e ™ dy s € RT.
R+

m INE)!
By the change of variable u := t?> we obtain
(1 + i) - — 2m*® / 6_8t2t2a_16_mt2dt,
m I'(a) Jr+

Consequently, for the Borel probability measure p := %tQa_le_thdt, we have p({0}) = 0 and

k = k. As in the proof of Corollary 4.2 we have Ai(\) < Eo,Ar(A) and Ai(N) < Cy (M +¢t7P)
where Cy 3 is a constant depending only on (d, 3). Since for k > —2a we have

2m® 2 ~T(5 4+ )
E,. th = tn+2aflefmt dt = m~ 2 2 ,
T T(a) /R+ I'(a)
we conclude, for 2 — G > 0, that
¢+ a) sT(a—5)
Ar(\) < Epo, Ay(N) < Ept? + Byt ™%) = ( —52 2 2)
k()‘) = Bteop t()‘) —Cd,ﬁ()‘ teopt” + Bt ) Cdﬁ Am” 2 F(a) +m2 F(a)

Since I'(a — g) achieves small values near 2a— 3 = 1, but gets large as 2a— 3 | 0, we will only use
this inequality when 2ac — 3 > 1. This establishes the first assertion. When 2a— 3 < 1, we proceed

as in the proof of Corollary 4.2. To that end, split the domain of integration into R* = [0, b)U[b, o0).

. a—g—l a—g—l
Then, since o, < o, , for o1 > 09 > 0, we have

]
2m® 2 mz 8

tPdu(t) = / taBlemmtgy = / o 27 e %o

/[b,oo) ( F(Oé) [b,00) F(Oé) [mb2?,00)

an—ﬂ—Qma—l
A / ¢do
F(a) [mb2,00)

an—ﬁ—Qma—le—me
I'(a)
an7ﬂ72mo¢fl
() 7

IN

IN

and

2m*® 2 1
du(t) = / palemmtqr = / o te %do
/[o,b) () L(a) Jiop L(a) Jio,mp2)

- c* do
F(Oé) [0,mb2)

b2a m

al'(a)

IN

Therefore, using each inequality A;(\) < Cy (At +¢t78) and Ax(\) < 1 on different components
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of the split Rt = [0,b) U
Ap(A) < EopAi(R)
<

d -8
cdﬁ/[bm)(At 1) dp(t) + /[ u(t)

[b, 00), we obtain

< ACigEiut? + Cup / t=Pdu(t) /
[7
ér(d_}_a) p2e—B-2,y, a—1p2am
< MNOygm 2—2 " 1 (
= AR gy TR T ) -+ I(a)

__1 af
Setting b := m~ 72 we obtain b**m® = b2*F=2m*~1 = M7+ and so conclude that

40 < Cus(rm-2LE+ ) mi o lmit
2
vO) < CapAm T(a) F(a)> T(a)
Adjusting the value of Cy g establishes the assertion. [ ]

Proof of Theorem 4.5: First observe that 1 € Hy(RY), the RKHS associated with the kernel
k(z,2') = 1,z,2' € R% To prove the assertion, assume to the contrary that 1 € H,(R?). Then by
Theorem 6.1 there must exist a v > 0 such that

Vhy — 1= Epopby — 1> 0 (21)
where positive definiteness (> 0) is defined in (15). Now consider ¢ > 0 and n points x; € R?,i =
1,..,n such that ||z; — zj|l2 > ¢, i # j. If we let n; := %,i =1,..,n we obtain

Z (72@(%,%’) - 1(371',563'))771'773' = VEtp Z k(@i  zj)minj — 1.
i,j:1,..,n ivjzlv"vn

Let t* > 0 and split the expectation on the right-hand side into

By Y kt(wi,xj)nmj—/ ( > kt($ivxj)ninj)dﬂ(t)+/

. O\ >px
i,J=1,..,n t<t i,j=1,..,n t2t

( > kt(thj)mnj)dﬂ(t)-
ij=1,..,n

(22)
Now observe that the integrand in the ¢ < ¢t* is bounded by 1. Moreover, in the ¢ > t* term we
observe that for i # j we have

()2

* 1
ki (i, mj) < e ) < =
e

Consequently, we obtain

Eip Z ke(zi, z)nin; < p([0,¢)) + M(l + (n— 1)10_2(t*)_2>.
ij=1,..n

Therefore, setting ¢ := ti*, / "Tfl we obtain

' Z (72@(:61-,30]-) - l(mi,xj))nmj < A2 (M([O,t*)) N 2#(}5*)) .

Since p is a finite measure it follows (see e.g. [6, Thm. 3.2]) that lim_o p([0,¢*)) = p({0}) = 0.
Consequently we can choose t* small enough and n large enough to contradict (21). |
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Proof of Lemma 4.6: From (14) we know that, for all 0 < a; < g and ¢t > 0, we have H,,; C
H,,: and that

d

. a2 2

Jid: Hoy = Hopel| < (52)7.
aq

Moreover, it is trivial to observe that these relationships hold also for ¢ = 0. Consequently, Theorem
6.1 implies that, for all 0 < a1 < ay and ¢t > 0, we have

d
<%> kagt - k;alt > 0.
aq

It then follows from Lemma 6.2 that

a9\ @ a9\ @
(22) b~ K = Brv ((22) bt = et ) 0.

The assertion then follows from Theorem 6.1. [ |

Proof of Theorem 4.7: By (14) we know that for all 0 < ¢ < t* we have H; C Hy+ and that
oy d !
lid : H — Hy-|| < (%)? and so by Theorem 6.1 we have (%) k= — ki > 0. Consequently by,
Lemma 6.2 we have that
t*\d
((t*)dEMt—d) ke — Ky = EM((?) ke — kt) >0

and conclude the assertion from Theorem 6.1. [ |

Proof of Theorem 4.8: The existence of such intervals follows by decomposing the positive half
space into a countable sequence of non-overlapping intervals. For the last assertion, let H = Lo(R?)
and consider the feature maps (®;);cp+ defined at the beginning of Section 4. Let [t1,t2] be any
interval such that pu([t1,2]) > 0 and, for s > 0, let Wy : Lo(R%) — Ly(R%) be the Gauss-Weierstrafl
operator defined by

W)@ = (ro)f [ gy, o e X, g e LoR)

Fix f € Hy, and g € Ly(R?) such that f := ®; g. From [29, Prop. 4.46] we utilize the fact that
H; C Hi, t >ty and that the inclusion map ids, ¢ : Hy, — H; satisfies

. . WAAY
ldtl,t o} (I)tl = (I)t (E) QW%(tQ_t§)7 t > tl . (23)
Define the function f: RT — Ly(R%) by
g, t=11
d
f(t) = (%) ZW%(tz_t%)g, t1 <t <to

0, t ¢ [t,ta].

Since § is continuous on [t1,%] and 0 elsewhere it follows that it is L2(R?)-measurable. Moreover,
Young’s inequality [15, Thm. 20.18] implies that

2 ENd o +
501y mey < (57) Nl ymey tER
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and therefore

112, 020 = EvolliOI2 ey < 12 merti® [ 9du(t) < Mgl g (2) (.t 2
Lo(pu,H) — Ht~p f( )HLQ(R(Z) = ”g”Lg(Rd) 1 [ | M( ) = HQHLQ(R(Z) t M([ 1, QD < oQ. ( )
1,02

)

Consequently, f € La(u, H). However, Equation (23) implies that for all £; < ¢ < t3 we have

* * 13 3 *
7 f(t) = @; (a) QW%(tLt?)g =®9=1
Since ®f(t) =0, t ¢ [t1,t2], we conclude that, for all x € X, we have

(W) @) = Eonp ((21(1) (@)) = nllt; t2]) (@),
that is, U*f = pu([t1,t2]) f. Since f € Hy, was arbitrary it follows that H;, C H,. Moreover, using

2 : 2
[plltr, t]) fllE, = fEngr(l;E,H) IF11 70 0)

p([t1,te]) f=Y"§
and
Hf”%{tl = geinfRd) ”g”iQ(Rd)

2
f=®%9

it follows from (24) that

it D) £, < 70 1 / dpu(t).

[t1,t2]

establishing the bound on the inclusion. |

Proof of Corollary 4.9: Let k = k, where (1 is a finite representing measure guaranteed to exist
by Theorem 1.1. The nonconstant assumption implies that p(0,00) > 0. It then follows from
Theorem 4.8 that there exists a ¢, > 0 such that Hy(R?) € H,(R%). Observe that [29, Thm. 4.63]
implies that H;«(R?) is dense in L,(v) for all p > 1 and all finite measures on R?. Consequently,
it follows from Hi-(RY) C H,(R?) that the same is true for H,(R?) thus establishing the first
assertion. Now assume X is compact. Since [29, Cor. 4.58] implies that Hy is universal, the
universality of H,, follows from H; C H,. For the third assertion observe that [29, Prop. 4.46]
implies that Hy, C Hy, for all t; < t9. This combined with the fact the assumptions imply we can
choose t1 in Theorem 4.8 to be as large as we like completes the proof. Finally, by considering the
least squares loss in [29, Theorem 5.31 & Corollary 5.34], the denseness of H,, in Lo(v) for all finite
measures v on R?, implies that k, is strictly positive definite. |

6 Appendix

We will use the following Theorem of Saitoh [24, Thm. 6, Pg. 37], based on the results of Aronszajn
[3, Thms. I & IIJ, connecting positive definiteness (15) and embedding constants.

Theorem 6.1 Let ky, ko be positive definite functions on X. Then

Hk1 C HkQ
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if and only if there exists a constant v > 0 such that
ko > ky
and the minimum of such constants is the norm of the inclusion
I:Hp — Hy,.

Lemma 6.2 Let X be a set, and T measurable space equipped with a measure p. Let (ki)ier
be a family of positive definite functions on X which is integrable with respect to u. That is,
ky>0,t €T and t — ki(x,2') is integrable with respect to u for all x,2' € X. Then

Bk > 0.

Proof: Consider n € N, z; € X, a; € R,i = 1,..,n. By assumption, for all ¢ € T', we have
n
Z aiajkt(a:i,a:j) Z 0.
ij=1
Since the sum is finite, we find that

n

Z a;a; (Etwuk:t)(xi,azj) = / (Zn: aiajk:t(xi,:cj))d,u(t) >0.

1,7=1 i,j=1

Theorem 6.3 Let E be a Banach space, ju a probability measure on a measurable space (T,%), and
letf: T — E be a Bochner integrable function. Also let F': E — R be a continuous convex function.
Then the integral E,(F of) exists (with possible value +00) and we have Jensen’s inequality

F(E.f) < Eu(Fof)
where, on the left, E, denotes Bochner integration.

Proof: We follow the proof for real Borel functions in [28, Pg. 192]. The assumptions and [5,
Cor. 2.1] imply that F' is subdifferentiable everywhere. That is OF (f) # 0, f € E, where 0F(f) is
the subdifferential of F' at f. Then for zp € E, 2* € 0F (29) and for all t € T we have

(Fof)(t)=F(§(t) > F(20) + z*(f(t) — 20)-

Now since
Eip2* (1) — 20) = 2" (Bpepf(t) — 20) > —00

it follows that the function F of is bounded below by an integrable function. Since F' is continuous
the function Fof is Borel measurable. Consequently, we conclude from [4, Thm. 1.5.9] that E,, (£ of)
exists. Therefore we obtain

E (Fof) > F(z0) + Epp2” (f(t) — zo) = F(z) + 2" (E“f — zo)

and substituting zg := E,f we obtain the assertion. |
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